npenae 


RR, 


NYU New York University 
172- 


a Courant Institute of Mathematical Sciences 
4 Washington Place, New York 3, N.Y. 


Return postage guaranteed 


Keller 


Reflection of electromagnetic 
waves. 


Ciel: 


LIBRARY. 


NEW \t 
OR ms at 
ger’ 


ars ee RC x asd “ nt & wots 
TTS CRS NEI UE MND RI OEISY F SMCPRGRT 12 EN 


New York University 
Washington Sonuare Colleges 


Hathematies Resesrch Group 


Reflection of Eleciromaznetic Wave: 


by 


a Ae otf Ose 


Joseph B. Keller W- 


Special Heport Jo. L72=1 


Classification changed to Wn hee fer 
by authority of (C02 1/2: as, 

Byers LLLP An. 
Date__2¢ Bee sv. 


Hollis . cooley December 16, 1946 
Technical Editor 


Submitted by Title onge 
VATE j/ (bells le rb 21 munbered pages 


aS a oc nel 


(UNIVERSITY 
eal LIBRARY 


ew York 3) Y* 


ery es Arcinae fatd 


an pie tyre et 6 
P poked prem, 945/19 AP 


AANST Rams At 
WES & od Dane ses 
tt te 


Bah vent ase 
ear : ‘ by ei i. 
BSUS SNE USS ra a ROSE PS eT ET REE EB LER ET 


sy Coreen 2 Ft 
ABSTRACT 


Ina howozeneous, isotropic, non-conthicting medium there is vlaced 
a source of radistion which varies harmonically with time, and an obstacle 
which is considered to be perfectly reflecting. The reflected field at any 
point is then determined approximately by the Kircheff method, Ags a result 
At is found that the reflection coefficient (ratio of reflected amplitude 
to incident amplitude) is made up of two factors <= a geometrical factor 
and a phese factor. The goometrical factor is also evaluated by geometrical 
optics. The special form of this factor is determined for reflection back 
to the source from an arbitrary surface, and in particular the results are 


given for reflection from a planc, a cylinder, and a sphere, 
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1. Introcuiction. @his paper is a partial study of the problem of raflsetion 
of electromacnetic waves from an obstacle. Some work on this subjest was 
done during the war, and it is believed that the nmresent maner extends the 
results obtained and furnishes a new seocroach not hitherto fully exvloited. 
the bosic method used is what is commonly known as the Kirchoff mathod, and 
an essential feature of the rosult is the exoression cf the reflection cee 
efficient (ratio of reflected amolitude to incident amplitude) as the 
product of two factors, each associated with cortain special characteristics 
of the srobien. 

In order to deternine tha wave reflected fron a tarzet or obstacle, 
it is necessary to obtain solutions of Saxwell's esuntions subject to certain 
pDoundary conditions. It is usuai So aseume that the field is known in the 
absences of the obstacle, end that the sources behave in the same way whether 
or not the ovstacle is prasent. The latter assumption, which is always 
velid when the source enite a single skort ralas, seeus to be valid even 
in the ease of a harn conic source excent vhon the obstacle is very near the 
source; thet is, in gsnerel the presence of the ebstacle docs not sige 
nificantly alter thy radiation impedence of the source, It 1s also con- 
venient to assume that the medium, in sddition to be isotropic end nos 
conducting, is homozencous. ‘hile this assumstion is not strietly veltd, 
the usunl inhomogeneity 1s small ehongh to yermit separate Gaienletions of 
the reflected wave anplitude and of ite mropacation. It ie elso simplast to 
asgune that the medium is infinite. If this is dons, 16 is then poasidls to 


* This vapor makes use of some of the methods and Sesulte of a etady with 
which the author was associated, on the refleotion of sound waves, tig. 
"Reflection and eeu EEO of Sound by Vhin Curved Shells" by Henry FPrinskoff, 
washlagton Univers » #t. Louis, “Micssmri, aad Joseph 3. Keller, Institute for 
Hathematies Tey WcheatoLe Sorin University, io Yor %. 
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take account of additional obstacles or boundery esurfsees by considering 
reflection from the boundary surfaces of the ware reflected from the target 
(Hultiple reflection). An altersative vrocedure involves taking the boundary 
surfaces into account from the beginning. Excent for the simplest boundary 
shapes and beundary conditions, thie methcd is wach more G4ffieult than the former, 


end very few problews have been solved in this way; Therefore this procedure 


will not be followed here. In addition, the sources are nesumed to vary hare 


monically; results for other tine denendeness can be obtained by Youriey 
analysis. 

Under the above assumptions, each cemoonoat (in rectangular coordin= 
ates) of electric and magnetic field satisfies the wavo esuntion in the medium 
outside ths souress and target. Therefore methods anvlicable to the solution 
of the wave equation, and hexcs of acoustic aroblems, can be used, 

In the case of the accoustic vrobion mentdoned in the footnote on 
Page 2, when the rerlecting object is a thin shell, wa find that within the 
limits of the approximations used the reflacted pressure is scunl to the ine 
cident pressure multiplied by three factcra. One of these ig agpocinted with 
geometrical features inclnding the curvature of the reflecting surface, eistances 
of the source and of the observation point, ete., end may be called the geo 
metrical factor. A second, called the phase fector, depondsa upon the ¢imonsions 
of the otstacle, the wave tenets eta., and accounts for the interferencs of 
the wavelets reflected from different parts of the surface. The third factor, 
depending unon the difference in the physiesl properties of ths chell ani the 
medium and also tinon the ratio of the thickness of the shell to the vave lensth, 


accounts Zor the fraction of the energy (or of the amplitude) which is reflected. 


this factor may be called the reflectivity factor. 
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the general method ty which these fectors ara foand for sound waves 
cennot de carrisd over without change to the reflection of radio waves. That 
which makes the radio problsn esgentislly different from the sound problena, 
however, seems to ts deolated in that part of the prodles that hes to do 
with the reflectivity factor sad it scens rrobeblae that changee in the 
general procedure can be mate vhich will make 1% possible to solve this probe 
lem as conpletsiy as the sound problem has teen solved. In the paper on sound 
4% is shown that the phase fector and the ccometrical factor obtained by the: 
general methoé can also be obtained by the “irchoff method, which 4s also 
epplicable in the electromaxnotic aasc. Horeover, the goonetrical factor 
ean be odtained, both for sound weves and for radio waves, by geometrical 
optics, the apsliecation of these methods to tne reflection of radio waves 
is made in the prasent paper (the methed of geometrical optics is in the 
appendix), 

It is the essence of the Kirchoff method that the wave ecuation 
is transforced into an integre: equation which is then reduced by means of 
assuning certain boundary conditions to the problem of evaluating an integrel. 
Knile the assummtions mede conesraing boundary values are not altogether 
justifiable, nevertholess reasonesbly acmrate results have been obtained 
by this method, In the case of the oresent naver it should be pointed oat 
that the result obtained by the circhoff method expronches that of geometrical 
optics as the wave length eppronches zero. In varticular, the law of reo 
flection, the zirror lew, and the condition for the formation of point images 
are abtained, Yhen the sathed is ayylied to refraction, Snell's law, the 
lens law, and the comlition fcr point images sre alse obtainsd. In addition 
the 160° change of phase at a focus is observed. Thees facts furnish partial 
jastification of the epproximations rads ia Caloulating the result and are 


evidense of tha propriety of the sgeurntiona meade, 
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5. 


For a complete solution of the reflection problem the physical 
properties of the reflecting body must be taken into account, as well as 
its thickness as compared to the wave length, If there ie perfect reflectiv- 
aty, however, 1.6. all incident enersy is reflected, only the surfece of the 
body need ve considered. In such cases the reflection coefficient consists 
of the phase factor and the geometries] factor only. The determination of 
‘these fectors in thie rarer thorefore gives the soproxinste reflection co- 
efficient for eny nerfectly reflecting body, and the anprcevination should 
be of practical value even han: the reflectivity of the body is somevhat less 
then peffect. 
‘the value of the results obtained in this maner ts. two-fold: (1) 
The present reswite will serve as a chock on any results that purport te give 
the complete reflection coefficiant, since this coeffictent should include 
the phase snd geometrical factors here obtained and raduce to these slone 
wien the properties of thea obstrcleshre euch os to meke the reflectivity 
serfect. (2) Since many bodies are of such material that their phyeical 
propertias have little affect on reflection, and henes hare ncarly perfeot 
reflectivity, the results obtained will be good enoush spvroximations for 
ore many practical cascs. 
Several papers have been written on this subject, and it wold be 
desirable that they be compared for the purpose of evaluating the xethods 
used and the results obtained. Horeover, 4% is the intention of the preseat 


writer to attack the problem from the more general viewoolnt mentioned above, 


taking into consideration all the factors affecting the reflection ccefficient. 


6. 


& Solution by the Kirchoff Nethod. The problem to be solved is the followings 
We assume, as outlined im the Introduction, a medium thst is homogeneous, 
4sotropic, and non-conducting, in which is nlaced a harmonic source of radia= 
tion producing a known ficld. fin this medium there is placed an obstacle 

from which reflection can ve expected. We have then to determine the reflected 
field at any point.- 

At any point in the medium outside the source and the obstacle 
each component of the electric field and of the magnetic field satisfies the 
weve equation 

2 

V> a6 riz) = 0. (1) 

In this enuntion ¥ is the position vector of sny point, P(r) represents any 
component of the electric or tinnetic field, V> is the beplabten operator, 


oVaNg 
en@ k= A 
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> 
By the Kirchoff-Helholts theoren*, &(r) also satisfies 


the intecsral emati 


fact) ui 
rr) = 2(e)+ ye 22, Ex, r") = eet) Senet an {2 


= é 
for fr not on S. Here P(r") 4s the field component with the obstacle absent, 


> 
5 4s the surface of the obstacle, 7’ refers to any soint on the surface and 


i(r,r') = pea 
F- 7 


Baker, Seven 3., and E, f. Copson: fhe Mathenstical Sheery of iuyzents 
Principle. p. 2h. 
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The characteristic features of the hirchoff method consists in 

assiening bowndery values to f(r!) and a P(A) nS so ag to reduce the 

e sna 
problem of solving eouation (2) to a oreblem of evaluation of n surface integral. 
We aesume that ? = ay on the geometrically illuminated pe of S, 2? = 0 on the 
remaincer of 3, exa.af = Oonall of &. these boundary valuss are chosen in 
eccordence with the usual practice in diffraction problems. They may be 
thought of as applying to s perfect reflector and, on ths basis of geometrical 
optics, do not appear unreseonatle. 


Inserting these boundary values into equation (2), ve have 


= nie ow 
v(t) = Po(8) = rip) PoP) SEED aa, (3) 


vnere S' ia the illusinated part of S. fn order to simplify the integral 
further leat us asswe that \r ~ rt| >> aX Then, if A denotes the angle 


i > 7S 2 S> 
between rierand nt , 


28 = gv cos { ie 1 wik © coe a, (4) 
on! \> = rl 
REA aay ik PO a ere cate 
ond P(r)HI,(r) = oa Por!) ar, 2) cose¢ da. (5) 
3! ; 


It will de asaumed that tho source fa such that 


ik| rf .r 


’ 
| sti- 3 \ 
; : >. => : 
where 4 may depend upon the angle betweon r! « Ty ani sone fixed direction, 
f . 
this its the form of the field due to an oscillating dipole at distances 
large compara to n; and is also approximately correct at large distances 
from other antennes. 
therefore 


de [cos { \et -rglik| et =ri\f an . (7) 
v 
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P(F)XPA CF) = 


&. 


this integral is evaluated monrozimataly in Appendix I and the result is 


P(r) = Po(r) + 5, ao a {ep - 35) [Pe =| (8) 


where Dy Do are the average dist es from the surface to the point source 


and point of observation, respectively, #* is a phase factor defined in 
Appendix I, 7(x) ia the Fresnel integral function of x, and x}, xf, vy}, ys 
are the limits of integration on the soprozimately rectangular "Adlluminated* 


ee of the surface. Furthermore 


1 (ees ae [2 ~ gin’ Y= intact ? sin@o<sin® Yein® (o- )] 
D5 


~[conx+ cos ¥ ] ([ rt cos 46 " (S) sin® XK] ) 


2 
z GS )s G, (cosm+ cos y)? 


- 1 tay it 2 
oe (eosX+ cos ¥ ) (2., cos? ¥+ G (dO) sin Y) 


uhgetea 
V¥ = angle of incidenca = sveraz angle between 
+1 => = 
¥'= ¥. and x? 


‘ —_> — => 
o = angle of reflection = angle between r! = r and ni! 


b ® engle dSetween clans of incidence and nome 
plene through section of princios 

carvatuva G 

is 
O = engle dDetwesen plans of reflection and nomal 


Pisas through section of crinsival 


firvatur By 


Gy Go = principal curvatures of surface 


~-= 
3 = Renn curveture of surface 
G. =. Gsussien curvature of surface 
g 


6,(2),6,, (>) == Curvatures of eurface in tlanss of reflection 


and incidence, respectively 


(These quentitiss ell refer to the point on the surface at which the PRase 


in the integrand of eq. (7) is atationary, Ses Appendix I.) 


10. 


From equation (3) it is scen that the auwelitude of the reflected 
vave, p(r) = P(r) = P(e), is given by os the amplitude of the incident 
wave at the obstacle, uultipliced by « cevtinin "reflaction coefficient", The 
reflection ccefficient ior suplituds is defined as the ratio of the amplie 
tude of the reflected wave at ¥ to the iacident wave “ut the obstacle. It 

~., 49 seen in equation (8) to consist of a goouetrical factor and a phase 
‘\" gaetor. | 

the reflection coeificieat is maximam in directions of specular 
teflection ( angle of incidence = ancle of reflection), and as the wave 
length tends to 0 ( & infinite) the coefficient becomes zero except in 
directions of specuzr reflection. For specalar reflections Vand 


Ca >, and the reflection cocfficient is 


pv (r) 
= od ~ be, Om 4 
Py(earzace) surface 1+ 205 1%, i, cosXe & ), sind tan « } 


- 1/2 
reget ie § 4G conn OG sin octane / 
BE )goe a tte 5 


v3) ~ 3} 


B(x3) = Fxg)! fF 
ma 


@ 


If ths fresnel integrsle (in the chase fantor) have their asymptotic 
{2 
Values, a6 18 nlways the case for sufficiently small wave lengthe, the vhase 
factor equals one and the reltlection coefficient reduces to the geomatrical 


factor, vnich is the same es the refleetion coefficient obtained by geometrical 


oe Wy 


optics (Anpendix II). 
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then the source and obssrvetion points coincide D0) = Do 2D. If 
the reflection is specular,% = 0 sincs the reflection must be normal, Then 


the germoetrical factor G assumes the simple form 


-1/2 


ge (RM Pa oo Leis (20) 


(in this expression the sign of G, hax been changed so that s carvature ie positive 
if the center of carvature is on the onvosite eide of the obstacle from the 
source.) In special cases this yields: 


Flanez @G = xX & 


Gylinder: ¢ i ; » RS radius, 
ats ) 


redins. 


Sphere} Gs a + & 
at i+ =) 
tf D° is so moh larger than the radii of curvature that G. NF >> a D+l1, ons 


hes approximately | Gs 1 ; 
ao /[G, 


Tha scattering cross section © ia defined by 


Die 
G= kT p* RB” , where 28 is the amplitude reflection coefficient 
and as ebove 0; 2 D, =D. “hen the phase factor equals one, Re G and for the 


case of specular reflection 


aT De 
(QF 2 Soar am Wee ee e 
1+ 20, D+G,0 


For D mich larger than the radii of curvature this becomes 
Op sane = Ry Ro ® 


wheres Ky and Ro are the principal radii of curvature of the surface.® 


“A different result (obtainsd br geometrical optids) was given by ru Meareus, 
Radiation Laboratory Report 1029. - However, RD. examination of his paver revesls 
the presence of unjustizied a»ps wination as Sn” whe fund bali # equation for the 
reflected ray. : 

2 en 
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necetsea ry to retain third order terms in the 
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12. 


The reflection csefficiant can become infinite vhen J in the 
denominator of eguntion § vanishes, tat in this cese, as mentioned in 
Appendix es the evaluation of thea integral is not valid. It is then 
vhase of the integrand, 

An dnvestigsztion of the points at which J = 0, however, leads to an axe 
pression for the focal length of a curved sirrer, the necersary conditions 
for the occurrence of point iteccs, the ulrrer law and the 180° chence of 


. 


phase at a focus. These considerations will net be discussed further hera, 
For specular reilection when the £liluminated wart of the sur- 
face ie syzmetric avout the point of sneculer reflection, the phase factor 


of equation 9 tecones 2 | F(x}) Bt7)) | 


Here the scurce and observation point are aseumed to coincide and xf and 


¥§ heave the following valuesi 


x} = aXV “aR? 
7 = 2ni/ “<7 +g) 


’ 


whera Ry ond Ro are the neeativasiac the principal radii of curvatura of the 
surface, The square roots are just the half-dimensions of the first Fresnel 
zoae on the surface, so x} is twice the ratio of the Length of the s)luminated 
part of the surface to the lenzth of the first i‘reanel gone, and simSlarly for 
¥§ e ‘hus when the surface subtexds many Fresnel zones at the source, x} and 
¥g are Large and the Mreanel interrals apvroach their asymptotic values. Then 
the nase factor avproaches one. On the other hant, when x} and yg sre small, 
and the surface subtends only ps art of a Yreenel gone, the Fresnel integrals 
mey be replaced by their arcuments and the phase factor becomes 


8 ee po (242) ue Abtage 
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which is § times the aren of the (illuminated) surface divided by the area 
of the first fresnel zens. 

The dimenailons of the first Fresnel gone are amall and Xho ¥5 
large unless either or both of the radii ef curvature are mich larger than 


D, es is the case for a plane or cylindrical reflector. If, for exzmple, 


> % 
hy is infinite, then x$ = 2a « vines D is ususily large 


vaa 


x5 may be smell, which will meke the reflection coefficien’ emall. Except 


for such surfacessthe Fresnel integrals will usually attain their asymptotic 


values and the phase factor will then equal one. Finally, the phase factor 


{5 much smaller than one in direetions other than those of specular reflection. 
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Appendix f 
Evaluation of the Surfeace Interral 
The integral to be evaluated is of the tyne 
=> = — 
cre (ty |r? <2,[+ ko | xt ox) 
Ll Aigo PuiSUaG Dives AEs Seer is da, (11) 
$ edicts Wiese Fl 
f{rt 
where f(r') is a slowly varying function of r'. Since — ae os 
\r§ — ¥,\ |r? ~ ¥,\ 
1 2 


is‘ slowly varying, 1% will de taken out of the intesral and replaced by ; 


a z oa 2 a P 7, | a» 
its average value 5 £ " o) and De are the average values of jr? r, | 
nl 2 


—_ 
and \x! - r,| respectively. In addition the expressions for |x! - Fy | end 


=> 
\z - Fol in the exponent will be expanded in a Cartesian coordinate 
systen with origin on the surface S ani the 2! exis normal to 5. The 


direction of the x’ aud y' exes is chosen so that the ecuation of S is 


2? = a(xt)e+ vty!)? eee withoat a tera inx' y?, Yhen one has (dropping 


the primes) 


|F-F,| = V(x = x, (y = yy) +(e - a) 5 


Expanding this function of x, y, and Zin the neighborhood of | (xyz) 2) 


wa have, to terme of second defree in x ani y, 


> 3 * vy 2 i 2 
\?F = 2y\ = 27 - so ~— “ x@ 
ol 
+ = yor le xy 
ay Dp? aa 
ts 
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Se 5 
and a similar expreaslon for |= -Yo|- inserting these exprossions in 


the intezral gives 


LS se fl 4(ax2+ Bxy +Cy* +Dx+Ry+F) dx dy (12) 
ee: 5 
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De 03 | 
Let 
xte fe [A*| (x cos 6+ y sin 6 + H) 
ar wu aase 


x! =f Sct] (x sin @+ y cos 68+K), 


Ww be) 
wae6re tan 29 = —-- ' AM Ss Ok cos” @+3B con & sin 6+G6 sin” 6, 


c's Asin® 6-B cos 6 cin 6+ cos” 8. 


f 
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as Dras G+ ein 8 , ro ee § a09 @ = D sin € 
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vaere Y', IN are the limits on x, and %\! P 
f£ 


16. 


and F's AWB? 4 CUK2 + DH +E EE, 


now 


J (13) 
xe 
k ite a 
2 2 ES 5 
Ur PD) “Dy 2 1 a 4 ay Sl boy: 
/ 2 1 2 
1/2 
ISN eed peneee 
= 2 sé lat sb os audit a 0 pa oes 
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we write 
xi = {2 oat t+ 8), xg 5 zl +e) 


=/ = [<| mt45), v2 = [or] (i +e), 


original coordinates. ‘hen if J#0, 89. (12) vecomes 


17), i) oS Id 


# are the limits on y in the’ 


17. 


TZ <x", =O yee Bibs are constents (i.e. if the projection of the 


’ 
° 
purface on the xy plane is a rectangle) the integral sbove can be evaluated 


exactly, yielding 


eer -2,4] [269 -nG9 ay) 
where F (x) is the appropriste Fresnel intezral function*. Yor most other 
Doundaries, the integral can be approximated by an expression of this form 
since the precise hapa of the boundary is unimportant unless it is circular®*, 
When the rectangle is symmetric avout the origin in the x, y variables, then 

Xo Q aN = aie « in this case, if variations in the slowly varying 
quantity J ara neglected, I(r Fo) has a maximum with respect to Fy (or ro) 


when H = K = 0, which occurs if D = a. He =O end 


O, These equations are equivalent to Snell's law 


(ey #2) and the law of reflection (ky, =k5). In directions other than 
those given by these lavs, either or both of H, K, are aifferent from zero 
end become infinite as hk; and ko become infinite; then the difference 
between at least one pair of fresnel integrals is zero. ‘Shus, in the limit 


of zero wave length the result of geomstricnl opties is obtained. 


: = +i T v2 
F(x) = / 67 #2 dv, the sitns are chosen the same as those of 
< ° 
t 
At a oh 
——— cece respectively, 
[a4 | o*\ 


"% If the boundary is a circle of radius and center at x! = y' = 0, the 
integral can be evaluated exactly and yields. 


18. 


The reflection coefficient for the specular reflection of light 
(or very short electromagnetic vaveo) from a curved surface can be found 
exactly on the basis of geometrical optics. By exactly it is meant that 
no approxinations, other then the assumptions of the theory, nesd be 
made. These are rectilinear propagation, the Law of reflection, and 
conwervation of ensrgy. Tor définiteness the incident radiation is 
assumed to come from a point source althoush the method can be applied 
to any incident fisld, 

The point source is located at (x ,y,21) ond the voint. of 
observation at (xoyozo). The coordinate system is chosen with its 
origin at the point on the reflecting surface from which specular 
reflection to(xavaa) occurs end the z axis is normal to the surface at 
this point. A fraction ee of the energy incident on a small area S, of 
the plane z = 0 eryand. the point of reflection is reflected through a 
small area So of the plane z = Zo at the point of observation, This is 
a@ consecuence of the assumptions of the theory and the assumption that 
the reflectivity of the surfece = (© at this point for the given direction 
of incidence, Therefore the ratio of the energy per unit area at the 


point of observation to thet incident at the point of reflection 4s equal 


to $,¢4 So. Hore precisely, the energy reflection coefficient 


19. 


is the limit of this ratio as Sy epproaches zero, This limit is just @% 
divided by the Jacobian of the transfornetlon which, by reflection, maps : 
points of the plans 2 = 0 on the plane x = Zoe Denoting the variables 
on the plane g = Zo by Khe Ypyend observing thet energy 1s proportional 


to amplitude squared, the amplitude reflection coefficient J is given by 


Ss 3 
/ At a point on the reflecting surface 3, by, snd 2 are unit vectors, 


normal to the surface, slong the incident ray, and eleng the reflected rey 


> 


respectively. By the lav of reflection, % = aD, i yz = the and the equations 


ee ew yi ay: sta 


of the ray reflected xt (x,y,2) are 5 » oe = . 
3 Ay by Ae 
: R 
thus on the plane zs! = Zo, one has x4 = (z. = 2) — x3 
Zz 


v3 = (2, ~ 2) ey ¥. By the choice of cosrdinates the equation of the 
a 


reflecting surface canbe written 2 2 ax? or by? + eee With no xy term. 


The vectors N and Dy have the comoonents 


= — By seen.) By “ vhere B? = 1+ hax? +he°y? 


X49 x yey Zz 2 
hy = Dy » Dy = ae » Dh, = = where = = (xex,)? Hy-y,)? +(202, Joe 


Since the Jacodisn is to be evaluated at the origin, the reflection coefficient 


fhe derivatives in this expression st the origin are given by 


OR, /Ry } xf OR, /Bs % Vy 
= - ha [Lt = Ib nee ha se 
Ox Ef 27 Z) 
OR, /3 ye #_/2 xy: 
EE Sy AU ich cone ae a 


od 


Thus the reflection coefficient is given by 


2 92 
gs? se% lita, = ka futoth yp /1+— 
2 <4 
2a % 


+ 25 — — ie = 2 ae We 
et Ry ok a0 
x2 2% ai 
+ Gav (1+ —5] Ath rés an 
l. 2 p 
q ap 1 
Now (a+b) = 6, Yad 26 at eS 
a? go —— = =~ = cos A , the mean curvature, 
2 


f 


Gaussinn curvature, and cosine of the angle of incidence, all at the 


point of reflection on the surface, raspectively. Then 


xe 2 
x = 

ae i ab = = ail tan® & where can is the curvature of the surface 
x. > 
1 27 


in the plane of incidence, and the above exvression for J becomes 


21. 


J =@ 1+ 205 = 2%, ee 


1 
-1/2 
+ p2 ee a SOIK ie os 20 I Sinot tan of : 


This expression is the reflection coefficient according to geometrical 


optics, and (with =1) is just the gecmetrieal factor of eq. (9). 
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